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Abstract
In this paper two recursive constructions for optimal optical orthogonal codes are presented by
means of incomplete di/erence matrices and perfect cyclic di/erence packings. These improve
the known existence results concerning optimal (v; 4; 1)-OOCs. c© 2002 Elsevier Science B.V.
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1. Introduction
Let v; k; 1; 2 be positive integers. A (v; k; 1; 2) optical orthogonal code (brie9y
(v; k; 1; 2)-OOC), C, is a family of (0; 1)-sequences (called codewords) of length
v and weight k satisfying the following two properties (all subscripts are reduced
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modulo v):
(1)
∑
06t6v−1 xtxt+i61 for any x=(x0; x1; : : : ; xv−1)∈C and any integer i ≡0(mod v)
(the auto-correlation property);
(2)
∑
06t6v−1 xtyt+i62 for any x=(x0; x1; : : : ; xv−1)∈C, y=(y0; y1; : : : ; yv−1)∈C
with x =y, and any integer i (the cross-correlation property).
The study of optical orthogonal codes was Grst motivated by an application in a Gber
optic code-division multiple access channel which requires binary sequences with good
correlation properties. Recent work has also been done on using optical orthogonal
codes for multimedia transmission in Gber-optic LANs. The reader may refer to [3,7,
13–15] for details.
Research on OOCs has mainly concentrated on the case 1=2= in the literature.
In this case, the notation for the code is abbreviated to (v; k; )-OOC. We will be con-
cerned about the existence of a (v; k; 1)-OOC. A (v; k; 1)-OOC is optimal if it contains
(v− 1)=k(k − 1) codewords. It has been showed in [3] that an optimal (v; 3; 1)-OOC
exists if and only if v =6t+2 with t ≡ 2 or 3 (mod 4). For k¿4 the existence problem
for an optimal (v; k; 1)-OOC is far from settled.
Optimal OOCs are closely related to combinatorial designs. In [16], the notation
CP(k; 1; v) was used to denote a cyclic di/erence packing with order v, block size k and
index =1, each of its block orbits containing v blocks. A convenient way of viewing
such a packing is from a di/erence family perspective. A CP(k; 1; v) can be thought of
as a family B={B1; B2; : : : ; Bt} of t k-subsets (called base blocks, or starter blocks)
of Zv, where Bi={bi1; bi2; : : : ; bik}, 16i6t, such that the setwise stabilizer GBi ={0}
for each Bi, and the di/erences in B, L(B) = {bij − bis: 16i6t; j =s; 16j; s6k},
cover each non-zero residue of integers modulo v at most once. The di:erence leave
of B, denoted by DL(B), is deGned to be the set of all non-zero integers in Zv which
are not covered by the di/erences generated by B, i.e., (B). For some value of v,
the di/erences arising from the base blocks of such a cyclic di/erence packing may
cover each non-zero residue of integers modulo v exactly once, in which case the
cyclic di/erence packing is known as a cyclic balanced incomplete block design with
parameters v, k, and =1, denoted by CB(k; 1; v). A CP(k; 1; v) is termed g-regular
if the subset Zv\(B) forms an additive subgroup of Zv having order g. It is obvious
that t6(v− 1)=k(k − 1) in a CP(k; 1; v). When t=(v− 1)=k(k − 1), the CP(k; 1; v)
is called optimal. The following results are presented in [16].
Lemma 1.1 (Yin [16, Theorem 2.1]). An optimal (v; k; 1)-OOC is equivalent to an
optimal CP(k; 1; v).
Lemma 1.2 (Yin [16, Theorem 2.6]). If 16g6k(k − 1), then a g-regular CP(k; 1; v)
is optimal.
Lemma 1.3 (Yin [16, Construction 4.1]). Suppose that both a g-regular CP(k; 1; v)
and an optimal CP(k; 1; g) exist. Then an optimal CP(k; 1; v) also exists. Moreover,
if the given CP(k; 1; g) is r-regular, then so is the derived CP(k; 1; v).
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In order to construct optimal (v; k; 1)-OOC, we only need to construct the corre-
sponding optimal CP(k; 1; v). One then expects that many of the constructions in de-
sign theory can be used to obtain optimal OOCs. Indeed this is true (see, for example,
[2,7–9,16]). In this paper we present two more combinatorial constructions for OOCs
by using the new concepts of an incomplete di/erence matrix over Zv and a perfect
cyclic di/erence packing. InGnitely many new optimal (v; 4; 1)-OOCs are thus produced.
2. Recursive constructions
In this section, we will give two recursive constructions for g-regular CP(k; 1; v)
by using incomplete di/erence matrices over Zv. We Grst introduce the concept of an
h-regular incomplete di/erence matrix as follows.
Let (G; ·) be a Gnite group of order v and H a subgroup of order h in G. An H -
regular (v; k; )-incomplete di:erence matrix in G is a k × (v− h) matrix D=(dij),
06i6k − 1, 16j6(v− h), with entries from G, such that for any 06i¡j6k − 1,
the multi-set
{dil · d−1jl : 16l6(v− h)}
contains every element of G\H exactly  times. When G is an abelian group, typ-
ically additive notation is used, so that the di/erences dil − djl are employed. In
what follows, we assume that G=Zv, and H is a subgroup of order h in Zv. Then
H={i · v=h: 06i6h− 1}. We usually denote an H -regular (v; k; )-incomplete di/er-
ence matrix over Zv by h-regular ICDM(k; ; v) if |H |=h. When H=∅ or h=0, an
H -regular (v; k; )-incomplete di/erence matrix over Zv is termed as CDM(k; ; v).
When =1, write h-regular ICDM(k; 1; v) (or CDM(k; 1; v)) brie9y as h-regular
ICDM(k; v) (or CDM(k; v), respectively).
Example 2.1. A 2-regular ICDM(4; 8) based on Z8 is as follows:
0 0 0 0 0 0
1 2 3 5 6 7
2 1 6 7 3 5
3 7 1 6 5 2
Theorem 2.2. Let v and m be two positive integers such that gcd(m; v)=1. Suppose
that there exist:
(1) a g-regular CP(k; 1; v);
(2) an h-regular ICDM(k;m);
(3) a gh-regular CP(k; 1; hv) (or a gh-regular CP(k; 1; gm), respectively).
Then there exists a gm-regular CP(k; 1;mv) (or an hv-regular CP(k; 1;mv),
respectively).
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Proof. Suppose that F is the family of starter blocks of the given g-regular CP(k; 1; v)
whose di/erence leave plus the singleton {0} consists of the additive subgroup U={0;
u; 2u; : : : ; (g − 1)u} of Zv where u=v=g. Let D=(dij) be an h-regular ICDM(k;m)
where dij∈Zm for 06i6k − 1 and 16j6m− h. Then for 06i =j6k − 1, the multi-
set {dil − djl: 16l6v− h}=Zm\H where H={0; m=h; : : : ; (h− 1)m=h}.
Let G=Zv×Zm, H1=U×Zm and H2=Zv×H . Since gcd(m; v)=1, G is isomorphic
to Zmv. Similarly, H1∼=Zgm and H2∼=Zhv. By the assumption (3), let C be the family of
starter blocks of a gh-regular CP(k; 1; hv) (or a gh-regular CP(k; 1; gm), respectively)
in H2 (or H1, respectively) whose di/erence leave plus the singleton {(0; 0)} is U×H .
Next, construct a gm-regular CP(k; 1;mv) (or an hv-regular CP(k; 1;mv), respectively)
in G so that its di/erence leave plus the singleton {(0; 0)} is H1 (or H2, respectively),
as follows:
For each starter block B={b0; b1; : : : ; bk−1}∈F, we deGne m− h starter blocks
Bj={(bi; dij): 06i6k − 1}
for j=1; : : : ; m−h, where the additive operation is performed in G. It is readily checked
that di/erences arising from the starter blocks {Bj: B∈F; 16j6v−h}∪C cover each
element in G\H1 (or G\H2, respectively) exactly once.
Let g be a divisor of v such that v=gv0. Suppose that F={Bi: i=1; 2 : : : ; t} is the
family of starter blocks of a gh-regular CP(k; 1; vh) where Bi={0; b1i ; b2i ; : : : ; bk−1; i}
for i=1; 2; : : : ; t. DeGne
ele(F)=
t⋃
i=1
{b1i ; b2i ; : : : ; bk−1; i}:
The gh-regular CP(k; 1; vh) is said to be h-perfect, denoted by gh-regular h-PCP(k; 1;
vh), if
ele(F)⊆
{
a+ bv : 06a6 v
2
; a =0; v0; 2v0; : : : ; (g− 1)v0; b=0; 1; : : : ; h− 1
}
:
When h=1, write gh-regular 1-PCP(k; 1; vh) brie9y as g-regular PCP(k; 1; v). Some
examples of h-perfect CP(4; 1; v) are exhibited in the following lemmas, which are
very useful.
Lemma 2.3. There exists a g-regular PCP(4; 1; v) for (g; v)=(4; 64); (12; 72).
Proof. For (g; v)=(4; 64); (12; 72), the starter blocks of a g-regular PCP(4; 1; v) are
listed as follows:
(g; v)=(4; 64) : {0; 1; 5; 25}; {0; 2; 13; 28}; {0; 3; 21; 30}; {0; 7; 19; 29};
{0; 8; 14; 31};
(g; v)=(12; 72) : {0; 1; 3; 28}; {0; 4; 26; 35}; {0; 5; 20; 34}; {0; 10; 17; 33};
{0; 11; 19; 32}:
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Lemma 2.4. There exists a g-regular 2-PCP(4; 1; v) for (g; v)=(8; 128); (24; 144).
Proof. A 8-regular 2-PCP(4; 1; 64×2) F1 is listed, where the family of starter blocks
F1 is as follows:
{0; 73; 83; 31}; {0; 75; 90; 94}; {0; 13; 81; 95}; {0; 70; 72; 93};
{0; 6; 7; 18}; {0; 71; 20; 28}; {0; 65; 89; 92}; {0; 66; 88; 29};
{0; 67; 17; 26}; {0; 5; 84; 30}:
A 24-regular 2-PCP(4; 1; 72×2) F2 is listed, where the family of starter blocks F2
is as follows:
{0; 1; 23; 33}; {0; 2; 21; 107}; {0; 3; 28; 104}; {0; 5; 100; 31};
{0; 9; 92; 103}; {0; 13; 17; 106}; {0; 73; 81; 16}; {0; 74; 88; 29};
{0; 80; 27; 34}; {0; 82; 15; 35}:
Theorem 2.5. If there are a g-regular PCP(k; 1; v), a gh-regular h-PCP(k; 1; vh) and
an h-regular ICDM(k;m), then there is a gm-regular m-PCP(k; 1;mv).
Proof. Suppose that A={Ai={0; x1i ; x2i ; : : : ; xk−1; i}: i=1; 2; : : : ; t} is a g-regular PCP
(k; 1; v). Let B={Bj={0; a1j+b1j ·v; a2j+b2j ·v; : : : ; ak−1; j+bk−1; j ·v}: j=1; 2; : : : ; s} be
a gh-regular h-PCP(k; 1; vh), where a1j; a2j; : : : ; ak−1; j∈{0; 1; 2; : : : ; v=2}\{0; v=g; 2v=g;
: : : ; (g− 1)v=g}, and b1j; b2j; : : : ; bk−1; j∈{0; 1; : : : ; h− 1} for 16j6s.
Let D=(dij) be an h-regular ICDM(k;m) where dij∈Zm for 06i6k − 1 and
16j6m − h such that the multi-set {dil − djl: 16l6m − h}=Zm\{0; m=h; 2m=h; : : : ;
(h−1)m=h}. Now the desired gm-regular CP(k; 1;mv) will be based on Zmv whose dif-
ference leave plus the singleton {0} forms the subgroup H={i+jv : i=0; v=g; 2v=g; : : : ;
(g−1)v=g; j=0; 1; : : : ; m−1}. The required starter blocks come from the following two
parts:
Part 1: For each starter block Ai={0; x1i ; x2i ; : : : ; xk−1; i}∈A we take m − h starter
blocks
Ail={0; x1i + (d1l − d0l) · v; x2i + (d2l − d0l) · v; : : : ; xk−1; i + (dk−1;l − d0l) · v}
for l=1; : : : ; m − h, where the additive operation is performed in Zmv. Let F1=
{Ail:16i6t; 16l6m− h}. Then, by noting that x1i ; x2i ; : : : ; xk−1; i∈{0; 1; 2; : : : ; v=2}\
{0; v=g; 2v=g; : : : ; (g− 1)v=g} so that −v=26xei − xfi 6 v=2 for 16e =f6k − 1
and 16i6t, it is readily checked, from the property of the h-regular ICDM(k;m), that
L(F1)= ±
{
a+ bv: 06a6
⌊ v
2
⌋
; a =0; v
g
;
2v
g
; : : : ;
(g− 1)v
g
; b∈M
}
where M={0; 1; : : : ; m− 1}\{0; m=h; 2m=h; : : : ; (h− 1)m=h}.
Part 2: For each starter block Bj={0; a1j+b1j ·v; a2j+b2j ·v; : : : ; ak−1; j+bk−1; j ·v}∈B
we take a starter block
MBj={0; a1j + b1j · mv=h; a2j + b2j · mv=h; : : : ; ak−1; j + bk−1; j · mv=h}:
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Let F2={ MBj: 16j6s}. Then similarly it can be readily checked that
L(F2)= ± {a+ bv: 06a6v=2; a =0; v=g; 2v=g; · · · ; (g− 1)v=g;
b=0; m=h; 2m=h; : : : ; (h− 1)m=h}:
Therefore, the di/erences arising from these starter blocks F1∪F2 cover each element
in Zmv\{i · v=g: 06i6gm− 1} exactly once. This produces a gm-regular CP(k; 1;mv).
Its m-perfectness can be checked straightforwardly.
Theorem 2.6. If a 2-regular ICDM(4;m) exists, then so do a 4m-regular m-PCP(4; 1;
64m) and a 12m-regular m-PCP(4; 1; 72m).
Proof. The conclusion follows immediately from Lemmas 2.3, 2.4 and Theorem 2.5.
3. Some results on incomplete di$erence matrices
To utilize Theorems 2.2 and 2.5 we need more h-regular ICDM(k;m). Before de-
scribing our recursive constructions for h-regular ICDM(k;m), we Grst introduce the
following auxiliary designs. For more detailed information on some of these related
combinatorial structures, the reader is referred to [1,6].
A transversal design (TD) TD(k; n) is a triple (X;G;A), where X is a kn-set of
points, G is a collection of n-subsets of X (called groups) which partition X, and A
is a collection of subsets of X (called blocks), each meeting every group in exactly
one point, such that any pair of points from distinct groups occurs in exactly one
block of A. Thus, it follows that each block contains k points and there are totally
n2 blocks. It is well known that a TD(k; n) is equivalent to k − 2 mutually orthogonal
Latin squares (MOLS) of order n, and a TD(k; n) having a parallel class is equivalent
to k−2 mutually orthogonal idempotent Latin squares (idempotent MOLS) of order n.
Di/erence matrices have been investigated extensively, see for example [5] and the
references therein. Here is one example.
Lemma 3.1 (Colbourn and Colbourn [4]). Let v and k be positive integers such that
gcd(v; (k − 1)!)=1. Let dij ≡ ij (mod v) for i=0; 1; : : : ; k − 1 and j=0; 1; : : : ; v − 1.
Then D=(dij) is a CDM(k; v). In particular, if v is an odd prime number, then there
exists a CDM(k; v) for any integer k6v.
The following result is simple but very useful.
Lemma 3.2. If both an s-regular ICDM(k;m) and an h-regular ICDM(k; s) exist, then
so does an h-regular ICDM(k;m).
Jimbo and Kuriki [12] proved that if both a CB(k; 1; v) with v≡ 1 (mod k(k − 1))
and a TD(k + 1; k) exist, then so does a CDM(k; v). The following lemma can be
regarded as a generalization of their result.
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Lemma 3.3. If both a g-regular CP(k; 1; v) and a TD(k; k) having a parallel class
exist, then so does a g-regular ICDM(k; v).
Proof. Let F={Ai: i = 1; 2; : : : ; (v − g)=k(k − 1)} be the family of starter blocks of
the given g-regular CP(k; 1; v) over Zv. Let Ik={0; 1; 2; : : : ; k−1} and (Ik×{1; 2; : : : ; k};
{Ik × {i}:16i6k};B) be a TD(k; k) with a parallel class
P={{(s; 1); (s; 2); : : : ; (s; k)}:s∈Ik}:
Let B0=B\P={Bj: 16j6k(k − 1)}. We can assume that Bj={(b0j; 1), (b1j; 2); : : : ;
(bk−1; j ; k)} for 16j6k(k−1). Then {b0j; b1j; : : : ; bk−1; j} = Ik for any 16j6k(k−1).
For any base block A={ai: 06i6k−1}∈F, deGne a k×(k(k−1)) array DA=(xij)
over Zv as follows: xij = abij for 06i6k−1 and 16j6k(k−1). It is readily checked
that the multi-set {xij − xlj: 16j6k(k − 1)} of di/erences arising from DA is equal
to (A) for any 06i =l6k − 1.
Now deGne a k× (v−g) array D=(DA1 |DA2 | · · · |DAt ) where t = (v−g)=k(k − 1).
Then D is a g-regular ICDM(k; v).
Lemma 3.4. There exists an h-regular ICDM(4;m) for any (h; m)∈{(2; 8), (2; 12),
(2; 16), (2; 18), (2; 24), (2; 32), (2; 54), (8; 64)}.
Proof. There is a 2-regular ICDM(4; 8) by Example 2.1. A 2-regular ICDM(4; 12) is
listed below:
0 0 0 0 0 0 0 0 0 0
1 2 3 4 5 7 8 9 10 11
2 1 7 11 8 4 10 5 3 9
3 5 10 1 4 11 9 2 8 7
For m=16; 18; 24; 32, (B | − B) is a 2-regular ICDM(4;m) over Zm, where B is as
follows:
m=16: 0 0 0 0 0 0 0
1 2 3 4 5 6 7
2 4 6 9 15 13 11
3 1 10 14 9 11 4
m=18: 0 0 0 0 0 0 0 0
1 2 3 4 5 6 7 8
2 4 7 12 17 13 10 3
3 1 11 10 12 2 4 13
m=24: 0 0 0 0 0 0 0 0 0 0 0
1 2 3 4 5 6 7 8 9 10 11
2 4 6 8 15 17 13 23 14 3 19
3 1 8 13 2 10 17 15 20 18 5
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m=32: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
2 4 6 8 10 12 18 17 19 27 29 31 25 21 23
3 1 8 12 15 21 10 27 30 14 23 19 7 28 6
For (h; m)=(2; 54); (8; 64), an h-regular ICDM(4;m) can be displayed as (B0 |B1 |B2
|B3) where Bk=(di+k; j) for k=0; 1; 2; 3, 06i63, 16j6(m− h)=4, and the subscripts
are taken modulo 4. B0=(dij), 06i63, 16j6(m− h)=4, is listed as follows:
(h; m)=(2; 54): 0 0 0 0 0 0 0 0 0 0 0 0 0
1 2 3 4 5 6 7 11 13 14 15 16 35
10 12 11 26 31 34 24 40 9 46 36 4 21
2 5 1 9 11 13 36 24 29 31 30 35 3
(h; m)=(8; 64) : 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 2 3 4 5 6 7 12 13 15 18 19 21 41
10 12 14 33 36 41 45 39 30 49 44 42 43 26
3 1 9 13 2 10 18 17 50 28 25 36 39 12
Lemma 3.5. There exists a g-regular CP(4; 1; gn) for any (g; n)∈{(12; 6), (9; 9),
(24; 5), (8; 16), (24; 6), (18; 9), (24; 9), (27; 9), (3; 81), (16; 16), (24; 12), (6; 81)}.
Proof. There exists a g-regular CP(4; 1; gn) for (g; n)= (12; 6); (8; 16); (24; 6) by Lem-
mas 2.3 and 2.4. For (g; n)=(24; 5); (24; 9); (6; 81), the existence of a g-regular CP(4; 1;
gv) comes from Lemmas 3.9, 4.2 and 3.7 of Ge and Yin [10]. For the remaining cases,
a g-regular CP(4; 1; gn) is constructed by listing the required base blocks over Zgn as
follows:
(g; n)=(9; 9) : {0; 1; 3; 7}; {0; 5; 22; 30}; {0; 10; 31; 42}; {0; 12; 35; 55};
{0; 13; 37; 53}; {0; 14; 29; 48};
(g; n)=(18; 9) : {0; 6; 46; 48}; {0; 7; 87; 140}; {0; 8; 32; 105}; {0; 10; 14; 157};
{0; 11; 28; 66}; {0; 12; 74; 113}; {0; 13; 16; 50}; {0; 20; 51; 76};
{0; 21; 85; 115}; {0; 23; 83; 118}; {0; 26; 69; 110}; {0; 33; 91; 92};
(g; n)=(27; 9) : {0; 10; 21; 22}; {0; 13; 28; 32}; {0; 14; 101; 103}; {0; 16; 41; 147};
{0; 17; 23; 114}; {0; 20; 44; 51}; {0; 26; 29; 104}; {0; 30; 65; 98};
{0; 34; 71; 110}; {0; 38; 84; 179}; {0; 40; 83; 125}; {0; 47; 113; 163};
{0; 48; 122; 182}; {0; 49; 105; 164}; {0; 52; 107; 176}; {0; 53; 111; 173};
{0; 57; 143; 151}; {0; 73; 150; 155};
(g; n)=(3; 81) : {0; 30; 65; 98}; {0; 34; 71; 110}; {0; 40; 83; 125}; {0; 47; 113; 163};
{0; 48; 122; 182}; {0; 49; 105; 164}; {0; 52; 107; 176}; {0; 53; 111; 173};
{0; 16; 41; 147}; {0; 17; 23; 114}; {0; 20; 51; 64}; {0; 12; 21; 22};
{0; 14; 100; 102}; {0; 15; 90; 93}; {0; 18; 46; 54}; {0; 19; 101; 108};
{0; 24; 29; 180}; {0; 26; 99; 103}; {0; 27; 38; 186}; {0; 32; 104; 149};
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(g; n)=(16; 16) : {0; 11; 14; 15}; {0; 12; 114; 119}; {0; 13; 74; 95}; {0; 17; 172; 181};
{0; 18; 108; 157}; {0; 19; 104; 106}; {0; 20; 111; 135}; {0; 22; 98; 105};
{0; 23; 33; 179}; {0; 25; 51; 78}; {0; 28; 58; 94}; {0; 29; 35; 248};
{0; 31; 65; 103}; {0; 39; 79; 120}; {0; 42; 86; 131}; {0; 46; 93; 143};
{0; 52; 109; 168}; {0; 54; 123; 183}; {0; 55; 122; 185}; {0; 56; 118; 188};
(g; n)=(24; 12) : {0; 25; 51; 78}; {0; 28; 58; 90}; {0; 38; 79; 119}; {0; 42; 85; 129};
{0; 46; 93; 143}; {0; 49; 101; 155}; {0; 55; 137; 193}; {0; 61; 147; 223};
{0; 59; 142; 208}; {0; 23; 91; 213}; {0; 22; 131; 243}; {0; 18; 39; 110};
{0; 13; 29; 33}; {0; 14; 31; 88}; {0; 15; 104; 114}; {0; 19; 136; 173};
{0; 34; 103; 111}; {0; 35; 135; 140}; {0; 63; 70; 186}; {0; 64; 73; 194};
{0; 107; 113; 277}; {0; 125; 127; 128}:
Lemma 3.6. There exists a 2-regular ICDM(4; 2n) for any integer n¿3.
Proof. Use induction on n. When 36n66, there is a 2-regular ICDM(4; 2n) by Lem-
mas 3.4 and 3.2 (for n=6). By Lemma 3.5 there are an 8-regular CP(4; 1; 128)
and a 16-regular CP(4; 1; 256). Then there is a 2-regular ICDM(4; 2n) for n=7; 8 by
Lemma 3.2 and 3.3. Suppose that there is a 2-regular ICDM(4; 2t) for 36t6n, where
n¿8. Now we are going to prove that there is a 2-regular ICDM(4; 2n+1). From
the hypothesis, we know that there are a 2-regular ICDM(4; 2n−5) and a 2-regular
ICDM(4; 2n−3). By Theorem 2.6 there exists a 4 × 2n−5-regular CP(4; 1; 64 × 2n−5).
By Lemmas 3.2 and 3.3 a 2-regular ICDM(4; 2n+1) exists immediately.
We end this section with some more ICDMs and CDMs for later use.
Lemma 3.7. There exists a CDM(4; 3n) for n=3; 4; 5.
Proof. The existence of a CDM(4; 3n) for n=3; 4 is from Example 3.1 and Lemma 3.4
of Ge and Yin [10]. For n=5, there exists a 27-regular CP(4; 1; 35) by Lemma 3.5.
So, there is a CDM(4; 35) by Lemmas 3.2 and 3.3.
Lemma 3.8. There exists a 2-regular ICDM(4;m) for m=72; 162; 216.
Proof. By Lemma 3.5 there exists a g-regular CP(4; 1; gn) for (g; n) = (12; 6); (18; 9);
(24; 9). The conclusion then follows immediately from Lemmas 3.2–3.4.
4. New optimal (C; 4; 1)-OOCs
We Grst quote some known results as follows.
Lemma 4.1 (Ge and Yin [10, Lemma 2.6]). There exists a g-regular CP(4; 1; gu)
for any integer g∈{24; 72} and any positive integer u such that gcd(u; 6)=1 and
gcd(u; 25)=1 or 25.
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Lemma 4.2 (Yin [16, Construction 4.2]). Suppose that both a g-regular CP(k; 1; v)
and a CDM(k;m) exist. Then so does a gm-regular CP(k; 1;mv).
Lemma 4.3. There exist both a 72-regular CP(4; 1; 24×27) and a 24-regular CP(4; 1;
72× 27).
Proof. By Lemmas 3.5 and 3.6 there exist a 9-regular CP(4; 1; 81), a 18-regular
CP(4; 1; 162) and a 2-regular ICDM(4; 8). Applying Theorem 2.2 with g=9, v=81,
m=8 and h=2, we obtain a 72-regular CP(4; 1; 8× 81).
By Lemma 3.5 there exist a 3-regular CP(4; 1; 243) and a 6-regular CP(4; 1; 486).
Applying Theorem 2.2 with g=3, v=243, m=8 and h=2, we obtain a 24-regular
CP(4; 1; 8× 243).
Lemma 4.4. There exists a 24- or 72-regular CP(4; 1; 8× 3n) for any integer n¿1.
Proof. Use induction on n. When n=1; 2; 3, the conclusion follows from Lemma 3.5.
Suppose that there is a 24- or 72-regular CP(4; 1; 8× 3t) for any positive integer t6n,
where n¿3. We prove that there is also a 24-regular CP(4; 1; 8×3n+1) or a 72-regular
CP(4; 1; 8× 3n+1). By the assumption, there is a 24- or 72-regular CP(4; 1; 8× 3n−2).
Applying Lemma 4.2 with m=27 and Lemma 3.7, we obtain a 27g-regular CP(4; 1; 8×
3n+1) for g=24 or 72. Then clearly there exists a 24-regular CP(4; 1; 8 × 3n+1) or a
72-regular CP(4; 1; 8× 3n+1) by Lemmas 4.3 and 1.3.
Lemma 4.5. There exists a 24- or 72-regular CP(4; 1; 16× 3n) for any integer n¿4.
Proof. We Grst consider the case n=4. By Lemmas 3.5 and 3.6 there exist a
9-regular CP(4; 1; 81), a 18-regular CP(4; 1; 162) and a 2-regular ICDM(4; 16).
Applying Theorem 2.2 with g=9, v=81, m=16 and h=2, we obtain a 144-regular
CP(4; 1; 16×81). By Lemma 3.5 a 24-regular CP(4; 1; 144) exists. Therefore, by Lemma
3.5, a 24-regular CP(4; 1; 16× 34) exists.
Then we consider the cases of n=5 and 6. By Lemmas 3.4 and 3.8 there is a
2-regular ICDM(4;m) for m=54; 162. By Theorem 2.6 there exists a 12m-regular
CP(4; 1; 72m) where m=54; 162. By Lemma 4.4 there exists a 24- or 72-regular CP(4; 1;
12m) for m=54; 162. So, there is a 24- or 72-regular CP(4; 1; 16× 3n) for n=5; 6 by
Lemma 1.3.
For the case n¿7, the proof is similar to that of Lemma 4.4.
Lemma 4.6. There exists a 24- or 72-regular CP(4; 1; 32× 3n) for any integer n¿2.
Proof. The conclusion follows for the case n=2 from Lemma 3.5.
Consider the case n=3. By Lemma 3.4 there is a 2-regular ICDM(4; 12). By
Theorem 2.6 there is a 144-regular CP(4; 1; 12 × 72). By Lemma 3.5 there is a
24-regular CP(4; 1; 144). So, there exists a 24-regular CP(4; 1; 32 × 33) by
Lemma 1.3.
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Next consider the case when n=4. By Lemmas 3.5 and 3.6 there are a 9-regular
CP(4; 1; 81), a 18-regular CP(4; 1; 162) and a 2-regular ICDM(4; 32). Applying
Theorem 2.2 with g=9, v=81, m=32 and h=2 we get a 288-regular CP(4; 1; 32×81).
Therefore, by Lemma 1.3, a 24-regular CP(4; 1; 32×81) exists, where the existence of
a 24-regular CP(4; 1; 288) comes from Lemma 3.5.
For the case n¿5, the proof is similar to that of Lemma 4.4.
Lemma 4.7. There exists a 24- or 72-regular CP(4; 1; 64× 3n) for any integer n¿3.
Proof. By Lemmas 3.4 and 3.8 there is a 2-regular ICDM(4; 8× 3t) for t=1; 2; 3. By
Theorem 2.6 there is a 12m-regular CP(4; 1; 72m) where m=8 × 3t for t=1; 2; 3. By
Lemma 4.6 there is a 24- or 72-regular CP(4; 1; 12m) where m=8 × 3t for t=1; 2; 3.
Hence there is a 24- or 72-regular CP(4; 1; 64× 3n) for n=3; 4; 5 by Lemma 1.3.
For n¿6, the proof is similar to that of Lemma 4.4.
Lemma 4.8. There exists a 2s-regular CP(4; 1; 2s+4) for any integer s¿3.
Proof. For s=3; 4, the conclusion follows from Lemma 3.5. For any integer s¿5,
by Lemma 3.6 there is a 2-regular ICDM(4; 2s−2). By Theorem 2.6, a 2s-regular
CP(4; 1; 2s+4) exists for any integer s¿3.
Lemma 4.9. There exists a 24- or 72-regular CP(4; 1; 2s3t) for any integers s¿3 and
t¿4.
Proof. Let s=4a + s′ where a¿0 and s′=3; 4; 5; 6. Applying Lemma 4.8 iteratively
we obtain a 2s
′
-regular CP(4; 1; 2s). Let t=3b + t′ where b¿0 and t′=3; 4; 5. By
Lemma 3.7 there exists a CDM(4; 3t
′
). Start with the newly obtained 2s
′
-regular
CP(4; 1; 2s) and apply Lemma 4.2 with m=3t
′
to get a 2s
′
3t
′
-regular CP(4; 1; 2s3t
′
).
Similarly apply Lemma 4.2 with m=33 b times to get a 2s
′
3t-regular CP(4; 1; 2s3t)
where s′=3; 4; 5; 6 and t¿3. By Lemmas 4.4–4.7 there exists a 24- or 72-regular
CP(4; 1; 2s
′
3t) for s′=3; 4; 5; 6 and t¿4. The conclusion then follows immediately from
Lemma 1.3.
Lemma 4.10. There exists an optimal CP(4; 1; v) for v=24; 72; 120; 360.
Proof. An optimal CP(4; 1; 24) comes from Lemma 5.10 of Yin [16]. By Lemma
3.5 there exists a g-regular CP(4; 1; v) for (g; v) = (12; 72); (24; 120). So, an optimal
CP(4; 1; v) exists for v=72; 120 by Lemmas 1.2 and 1.3.
For v=360, start with a 12-regular CP(4; 1; 72) and apply Lemma 4.2 with m=5
to get a 60-regular CP(4; 1; 360). Applying Lemma 1.3 with the optimal CP(4; 1; 60)
listed below, we obtain an optimal CP(4; 1; 360).
{0; 1; 3; 7}; {0; 5; 13; 22}; {0; 10; 28; 39}; {0; 12; 26; 45}:
Theorem 4.11. There exists an optimal CP(4; 1; 2s3tp) for any integers s¿3, t¿4
and any positive integer p such that gcd(p; 6)=1.
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Proof. By Lemma 3.1 there is a CDM(4;p) if gcd(p; 6)=1. Start with a 24- or 72-
regular CP(4; 1; 2s3t) from Lemma 4.9 and apply Lemma 4.2 with m=p to get a 24p-
or 72p-regular CP(4; 1; 2s3tp). Next we divide the problem into two cases as follows.
Case 1: gcd(p; 25)=1 or 25.
By Lemma 4.1 there exist a 24-regular CP(4; 1; 24p) and a 72-regular CP(4; 1; 72p).
Then by Lemma 1.3 we know that there is a 24- or 72-regular CP(4; 1; 2s3tp). Lemma
4.10 showed the existence of an optimal CP(4; 1; v) for v=24; 72. By Lemma 1.3 an
optimal CP(4; 1; 2t3sp) exists.
Case 2: gcd(p; 25)=5.
Let p=5p′. Then gcd(p′; 25)=1. Similar proof as Case 1 gives a 24- or 72-regular
CP(4; 1; 2s3tp′). Applying Lemma 4.2 with m=5 we obtain a 120- or 360-regular
CP(4; 1; 2s3t × 5p′) (i.e., a CP(4; 1; 2s3tp)). By Lemma 4.10 there exist an optimal
CP(4; 1; 120) and an optimal CP(4; 1; 360). Hence, by Lemma 1.3, there exists an
optimal CP(4; 1; 2s3tp).
Now we are in a position to state our main result.
Theorem 4.12. There exists an optimal (v; 4; 1)-OOC for every positive integer v≡ 0
(mod 648).
Proof. For any positive integer v ≡ 0 (mod 648), v can be written as v=2s3tp for
s¿3, t¿4 and every positive integer p such that gcd(p; 6)=1. The conclusion then
follows immediately from Lemma 1.1 and Theorem 4.11.
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